Primordial fluctuations in inflationary cosmology acquire classical properties through decoherence when their wavelengths become larger than the Hubble scale. Although decoherence is effective, it is not complete, so a significant part of primordial correlations remains up to the present moment. We address the issue of the pointer states which provide a classical basis for the fluctuations with respect to the influence by an environment (other fields). Applying methods from the quantum theory of open systems (the Lindblad equation), we show that this basis is given by narrow Gaussians that approximate eigenstates of field amplitudes. We calculate both the von Neumann and linear entropy of the fluctuations. Their ratio to the maximal entropy per field mode defines a degree of partial decoherence in the entropy sense. We also determine the time of partial decoherence making the Wigner function positive everywhere which, for super-Hubble modes during inflation, is virtually independent of coupling to the environment and is only slightly larger than the Hubble time. On the other hand, assuming a representative environment (a photon bath), the decoherence time for sub-Hubble modes is finite only if some real dissipation exists.
Introduction
According to the inflationary scenario, all structure in the Universe originates from quantum vacuum fluctuations during a de Sitter (inflationary) stage in the very early Universe. These are inhomogeneous fluctuations (perturbations) of both the space-time metric and a scalar inflaton field. While the tensor part of the metric fluctuations generated during inflation produces the primordial gravitational wave background [1] , its scalar part together with perturbations of the inflaton leads to the origin of primordial density fluctuations producing present gravitationally bound objects and the large-scale structure of the Universe [2] . All these fluctuations can be formally represented by a scalar field with a time-dependent 'mass', the time dependence coming from the coupling to the expanding universe described by a scale factor a(t) (we assume here a spatially flat Friedmann-Robertson-Walker (FRW) cosmological model).
Usually one assumes these fluctuations to be in their ground state (the adiabatic vacuum state) at the onset of inflation. This choice follows from the hypothesis of the maximal possible symmetry of the Universe in some period in the past during inflation. Also, it can be shown that this initial condition for fluctuations is an attractor for a wide open set of other initial conditions with a non-zero measure. The smallness of the fluctuations means that different modes (distinguished by a wave vector k with the wave number k = |k|) decouple and can be treated separately. Modes relevant for structure formation cross the Hubble radius H −1 twice. Here H ≡ȧ/a is the Hubble parameter. During inflation, their wavelength λ = 2πa/k becomes bigger than H −1 ('the first Hubble radius crossing'). The quantum modes then acquire classical properties in the following sense. First, even without considering any interaction with other degrees of freedom, expectation values of any physical quantities constructed from the quantum fluctuations become practically indistinguishable from mean values of corresponding classical quantities as functions of classical stochastic fluctuations. This is achieved due to huge squeezing (in the sense of quantum optics) of those modes that gives a possibility to neglect non-commuting parts of all mode quantum operators. Since no consideration of environmental degrees of freedom and their interaction with modes involved are needed for this indistinguishability, this quantum-to-classical transition was called 'decoherence without decoherence' [3] . This result can be generalized to all higher non-linear orders of metric perturbations if only the growing (quasi-isotropic) mode of perturbations is kept [4] . In this way, it is possible to explain the classical stochastic behaviour of observed cosmological density fluctuations including their power spectrum and statistics. However, more subtle ques-tions like the correct calculation of the entropy of primordial fluctuations may not be solved in this approximation.
Second, this classical behaviour is preserved, and even re-enforced, in the presence of an 'environment'. Since such an environment is always present in the form of other ('irrelevant') fields and fluctuations (or non-linear couplings of the same field), its influence has to be taken into account. In laboratory, it is usually the environment that leads to the emergence of classical behaviour, a process which is called decoherence [5] . In particular, strongly squeezed quantum states are known to be especially sensitive to decoherence. We have demonstrated some time ago that the classical basis distinguished by the environment (the 'pointer basis') is -in the limit of large squeezingapproximately given by the basis of field amplitudes [6] (see also [7] for a detailed conceptual discussion). The correct choice of the pointer basis is of particular relevance for the entropy of primordial fluctuations. We have calculated the entropy for each mode and found that it can assume at most half of its maximal value before the second Hubble radius crossing [8] . The maximal entropy would be achieved if the pointer basis was the particlenumber basis [9] .
The wavelength of the modes becomes again smaller than H −1 ('the second Hubble radius crossing') during the radiation and matter dominated phases. The scalar modes have left their imprint on the anisotropy spectrum of the cosmic background radiation, where they can be observed in the form of acoustic peaks (see e.g. [10, 11] for recent observations). Oscillations of the same origin (the 'Sakharov oscillations') have been recently discovered in the three dimensional power spectrum of galaxy inhomogeneities [12] . These peaks would be absent if the entropy of each mode assumed its maximal value [8] . This demonstrates that questions of the quantum-to-classical transition for primordial perturbations are not only of academic nature, but have observational relevance. Primordial gravitational waves (tensor modes) generated during inflation also produce primordial peaks in the CMB temperature anisotropy and polarization multipoles (see [13] for discussion of perspectives of their observation).
In spite of these investigations, the discussion about the precise mechanism of this quantum-to-classical transition and the amount of entropy of primordial fluctuations gained in its course goes on, cf. the recent papers [14, 15, 16, 17, 18, 19] . It was argued, for example, that the pointer basis is not given by the field-amplitude basis, but by the basis of two-mode coherent states [14] , by the squeezed-state basis [18] , or by the second-order adiabatic basis [20] . It was further argued in [14] that the associated entropy of fluctuations (being half the maximal entropy) provides a lower (instead of upper) bound on the entropy. Also, there is a disagreement between [18] and [19] regarding the question whether decoherence may occur already during inflation (after the first Hubble radius crossing, of course) or only after its end, during reheating. We find it therefore appropriate to address this issue again by reviewing and extending our line of arguments.
Our article is organized as follows. We start by giving a concise review of our earlier work on this issue. We give exact and approximate expressions for the von Neumann entropy. We also calculate the linear entropy. We then summarize the arguments leading to the result that the pointer basis is given approximately by the field amplitude eigenbasis; more precisely, the pointer basis is given by narrow Gaussians. We then apply methods from open system quantum theory (the Lindblad equation) to calculate decoherence times for modes outside and inside the Hubble radius. Since the kinetic term becomes negligible for modes outside the Hubble radius, we conclude from this again that the pointer states are narrow Gaussians in the field amplitude. The entropy per mode is thus bounded from above by half the maximal entropy in the long-wave regime before the second Hubble radius crossing.
Quantum-to-classical transition and entropy
We start here with a brief review, including various elaborations, of the quantum-to-classical transition for primordial cosmological fluctuations superimposed on a classical FRW background and its importance for the entropy of these fluctuations. More details can be found in [3, 5, 6, 7, 8] . Both scalar modes and tensor modes of the fluctuations can be represented by the Fourier modes, φ k , of some scalar field. Since various modes decouple, we shall in the following skip the index k. It is convenient to work with the rescaled field amplitude y ≡ aφ. In the case of tensor fluctuations (gravitational waves), this is already the appropriate variable to deal with; for scalar perturbations one has to use a gauge-invariant combination of metric and inflaton perturbations.
Since we are working in Fourier space, y is complex. This reflects the fact that we shall have a two-modes state, the two modes being given by k and −k. For the following discussion it is, however, sufficient to assume that y represents one real mode, but one should keep in mind that the actual number of degrees of freedom is twice as much. This also holds for the entropy discussed below; the entropy for the two-mode state is twice as much as for the one mode considered here.
The dynamics is then described by the Hamilton operator
where a ′ ≡ da/dη, with η denoting conformal time, and p is the momentum canonically conjugate to y. (We have skipped the index k.) Each mode satisfies the Schrödinger equation
Assuming that the modes are initially (at the onset of inflation) in their ground state, their wave function is then at any time of the Gaussian form,
Non-Gaussian initial states can also be studied [21] ; it was shown there that there is a wide class of initial non-vacuum states that cannot be distinguished from a vacuum initial state by just looking at the statistics of observable quantities. One can prove from the form of the Hamiltonian (1) that the states (3) represent squeezed states; the squeezing is generated by the last term in (1) . (Actually, we have a two-modes squeezed state, but for simplicity we present one mode only, cf. the remark above.) Introducing the squeezing parameter r and the squeezing angle ϕ, one can write (setting = 1 from now on) Ω R = k cosh 2r + cos 2ϕ sinh 2r
,
with Ω R = k and Ω I = 0 for the initial vacuum state. Both r and ϕ are functions of t (resp. η), the exact dependence arising from the expansion law a(t). For pure exponential inflation described by
where η e denotes the conformal time at the end of inflation, simple analytic results are available corresponding to the adiabatic vacuum in the de Sitter space-time [3, 22] :
This would lead to r → ∞, ϕ → 0 if inflation lasted arbitrarily long. Inflation, however, ends, but it still leads to r ≈ 120 for the largest cosmological states [23] , so one can certainly neglect after some time terms of the order of exp(−r) ('decaying mode'). From (4) one then finds the asymptotic values
exhibiting Ω I ≫ Ω R (WKB limit). This behaviour is assumed to occur generically for an inflationary model. One recognizes that the width of the Gaussian (3) becomes very broad in y and highly squeezed in p. This broadness reflects the fact that the kinetic term of the Hamiltonian becomes negligible in this limit; in the Heisenberg picture this is exhibited by the fact that the kinetic term of the Hamiltonian,Ĥ kin , then approximately commutes with the field-amplitude operator,ŷ. In the limit of high squeezing, quantum expectation values become indistinguishable from mean values of classical stochastic quantities, the difference containing typically terms of the order exp(−r) or powers thereof. In a quasi de Sitter stage, the annihilation operator evolves according to
for k ≪ aH. A useful description is also provided by the Wigner function, W (y, p). In general it can assume negative values, but for the special case of a Gaussian wave function it is everywhere positive (of a Gaussian form). A convenient quantity is then the 'Wigner ellipse' defined by the contour of this Gaussian Wigner function, because it provides one directly with a measure for the mean square deviations of y and p. From the analysis of the Wigner function one can see that the system behaves as if it had a stochastic amplitude (with a Gaussian distribution if the state is (3)) and a fixed phase, cf. [3, 6, 7] . This phase is given by the squeezing angle.
The scenario for the isolated system of primordial fluctuations proceeds as follows. After the first horizon crossing (during inflation) one has r 100, ϕ → 0, and the Wigner ellipse will have -after an appropriate re-scaling of the axes -a major half axis α = exp(r) and a minor half axis β = exp(−r). After the second horizon crossing (in the radiation or matter dominated phase) the Wigner ellipse rotates, with small oscillations around a large mean value of r. The rotation is very slow, the frequency being about the inverse age of the universe, which is why the squeezed nature is preserved for a long time [24] .
1 For modes that re-enter in the radiation era, this rotation leads to the acoustic peaks in the cosmic background radiation [3, 22] . These peaks have been observed with high precision [10, 11] .
The above discussion treats fluctuations as being isolated. This is, however, unrealistic [5, 26, 27] . Other fields (the 'environment') interact with them, even if the coupling is weak. Such a coupling may also arise from a small self-interaction of the modes [15] . Even if there were no other fields present, this small self-interaction would remain. As long as the modes are outside the Hubble radius, this coupling cannot lead to a direct causal interaction, but can only produce entanglement ('EPR-type situation'). Since usual interactions couple to fields (instead of canonical momentum), the coupling is in y (not p). This already suggests that the y-basis is at least approximately equal to the pointer basis. The situation is analogous to the localization of particles in quantum mechanics [5, 28] . This interaction with the environment without direct causal contact can be described by multiplication of the density matrix ρ 0 (y, y ′ ) corresponding to the system alone with a Gaussian factor according to
cf. [8, 27] . The parameter ξ encodes phenomenologically the details of the interaction strength with the environment. In this way, non-diagonal elements are suppressed with respect to the y-basis. In a realistic situation for decoherence, one would expect that ξ dominates over the corresponding part
The typical time scale for decoherence during inflation is
I . (There is a close analogy to chaotic systems, with H I corresponding to the Lyapunov parameter [8] . The reason for this is the classical instability of our system.)
From analogous investigations in quantum mechanics [29] , it can realistically be expected that the parameter ξ settles to a constant value after a certain transition time. The axes of the Wigner ellipse then read
where (9) has been used. While the major axis has remained unchanged, the minor axis has become bigger and settles to a constant value. The area of the Wigner ellipse thus increases, leading to a non-vanishing entropy (see below). In order to avoid conflict with observation, one has to impose the 'correlation condition' β ≪ α, leading to
Together with the slow rotation of the ellipse, this guarantees the formation of acoustic oscillations. A random distribution of p and q would totally smear out these structures.
As long as the fluctuations are treated as an isolated system, they can be described by a wave function and thus have vanishing entropy. This is no longer the case for the interacting system described by (8) ; the entanglement with the environment leads to a 'loss of information' for the system and therefore to a positive entropy. The quantum correlations are present only in the total system and are therefore unseen 'locally'. The entropy is calculated from
where we have set k B = 1. The entropy has, of course, also to be calculated for a two-mode squeezed state, although for simplicity we give here again the calculation for one real mode only. For the full entropy per the two-mode state, one thus has to double the results below.
It is convenient to introduce the dimensionless parameter χ = ξ/Ω R controlling the strength of decoherence. (In the case of pure exponential inflation one has χ = ξ(1 + 4 sinh 2 r)/k.) Inserting (8) into (12), one gets the explicit expression
One recognizes that the entropy vanishes for ξ → 0, as it must. In the limit χ ≫ 1 (large decoherence) one gets
Both (13) and (14) are displayed in Figure 1 . It is seen that the asymptotic value is readily attained. For χ ≈ 1.5 one obtains S ≈ ln 2, corresponding to the loss of one bit of information. Usually decoherence sets in roughly at this stage [5] . A stronger condition than (11) is obtained by the reasonable demand that some squeezing should remain compared to the vacuum state which has Ω R = k. This leads to the condition ξ < k and yields for exponential inflation in the high-squeezing limit the bound S r. Whether this really holds is of course a question about realistic interactions in the universe.
The maximal entropy is instead given by S max = 2r (obtained by smearing out the Wigner ellipse into a big circle and corresponding to the pointer basis being the particle-number basis [9] ). One can thus define a notion of partial decoherence in the entropy sense by the ratio of entropy to maximal entropy, S/S max , per each mode. It is also instructive to consider the linear entropy. It is defined by
obeying 0 ≤ S lin < 1. Inserting (8), one obtains
For χ ≪ 1 one gets S lin ≈ χ/2, while for χ ≫ 1 one gets S lin ≈ 1 − χ −1/2 < 1 − exp(−r), where we have used the bound ξ < k in the last step.
As was already mentioned, the fact that the interaction with the environment is in y-space leads to the suggestion that -for large squeezing -the pointer basis equals approximately the field-amplitude basis [6] . Exact diagonalization would correspond to an entropy increase given by S = r = S max /2 [30] , in accordance with the expectation that S < r holds for modes outside the horizon. Contrary to this it was claimed in [14] that the pointer basis is given by (two-mode) coherent states. Diagonalization in such a basis was in the cosmological context first addressed in [31] , with the result that S approaches for large squeezing the value r = S max /2, that is, the same value as for the field-amplitude basis. Figure 2 displays the entropy S(r) for the field-amplitude basis, the coherent-state basis ('z-basis'), and the particlenumber basis ('n-basis'). It is easily seen that S approaches r in the first two cases, whereas it approaches 2r in the latter case. We shall now re-enforce from various points of view our earlier result [6, 7] that the pointer basis is for large squeezing (approximately) given by the field-amplitude basis.
The first argument is about the normalizability of the pointer basis. The authors in [14] are concerned about the fact that field-amplitude eigenstates are not normalizable and that they, moreover, exhibit infinite momentum spread. However, even if one dealt with exact amplitude ('position') eigenstates, the quantum mechanical formalism would be able to cope with such a situation (GNS construction instead of Hilbert space). But the point is that the environmental parameter ξ entering (8) is never strictly infinite, so that a finite, albeit small, off-diagonal part for the density matrix remains. One is thus dealing with very narrow wave packets that are perfectly normalizable. Even if we had exact position eigenstates, an 'infinite' momentum spread would only take place if the kinetic term played a crucial role in the dynamics. As has already been remarked above, however, for the highly squeezed modes the kinetic term is negligible compared to the potential term.
This irrelevance of the kinetic term is also the reason why the reference to [32] in [14] is misleading. In [32] , the question of the pointer basis has been studied for an ordinary harmonic oscillator -in contrast to cosmology where one deals more with an upside down oscillator [33] -coupled to a high-temperature environment, using the method of the 'predictability sieve' (minimal local entropy production). It was found that this basis is given by the coherent-state basis.
2 A crucial ingredient in this proof, however, was the importance of both the kinetic and potential term for the oscillator (an averaging procedure over many oscillation cycles had to be performed). For small times, when the kinetic term does not yet become relevant, it was found in [32] that, in fact, the position basis is the (approximate) pointer basis. This is the limit of relevance for the cosmological fluctuations.
In situations where the system Hamiltonian is negligible, the pointer basis has the property that it consists of states which are eigenstates of an operator that commutes with the interaction Hamiltonian. If the system Hamiltonian is not negligible (in our case, this happens for small r), one must invoke a principle such as the 'predictability sieve' or the 'rate of de-separation' in order to determine a pointer basis. In the case of a free particle coupled to a localizing environment it was shown that the predictability sieve (as well as other criteria) predict robust pointer states that are narrow Gaussian wave packets [35] . In the next section we shall apply methods of open system dynamics to the Hamiltonian (1) in order to discuss the decoherence time for the cosmological fluctuations with wavelengths both bigger and smaller than the Hubble scale. This will enforce our earlier result about the nature of the pointer basis.
Another argument follows from the requirement that the pointer basis should be stable with respect to time evolution. In the limit of no interaction with environment, this means that it should be stable with respect to free evolution. However, the coherent state basis does not satisfy this requirement in the period between the two Hubble radius crossings: expansion of the Universe causes coherent states to become strongly squeezed ones in a characteristic time ∼ H −1 . In fact it has been shown [22, 36] that the time evolution generated by any quadratic Hamiltonian like (1) factorizes into an irrelevant phase rotation and the action of a squeezing operator with parameters r and ϕ. It is further well-known (e.g. [37] Sect. 2.7, and [36] ) that a squeezing operator acting on an arbitrary coherent state |z (not just the vacuum ground state) produces a 'squeezed coherent state': It has characteristic uncertainties proportional to e −r and e r along rotated axes in the y-p space, coinciding with the squeezed and the stretched semi-axes of the Wigner ellipse, respectively. If we thus consider the time evolution of a coherent state starting at a time t i after the mode has left the Hubble scale, we have to be concerned solely with the development of the squeezing parameters r and ϕ starting with r = 0 = ϕ at that time. As in the particular de Sitter example mentioned before, the squeezing angle ϕ then quickly 'freezes out' and the squeezing factor grows like r ≈ ln(a/a i ), a result first obtained for gravitational waves [23] , and later generalized to scalar perturbations [22] .
1/2 and H = 1/(2t), we obtain r ≈ ln(t/t i )/2 = ln(2H i t)/2, so that squeezing still becomes effective at a time t ≈ (e 2 /2)H
= e 2 t i (with H i denoting the Hubble parameter at the initial time t i ). Finally, these considerations also apply to two-mode coherent states (cf. the above references). On the other hand, the field amplitude basis is stable with respect to time evolution in the super-Hubble regime since the field amplitude remains constant with great accuracy. Here, the squeezing manifests itself in the continuous decrease of the decaying mode (see e.g. [38] ).
An interesting and subtle situation arises with the second order adiabatic basis proposed in [20] . In the case of the exactly massless and minimally coupled scalar field (1) and the exact de Sitter background, the vacuum mode functionsφ k of the second order adiabatic vacuum coincide with the exact solution for φ k = y k /a. This has led the authors of [20] to the statement that there is no creation of massless minimally coupled particles in the de Sitter space-time. However, this result is a purely academic one since in case of the stable, eternal de Sitter expansion there is no possibility for an observer to measure these particles because they are beyond his/her future event horizon.
3 On the other hand, for a viable inflationary model in which the Hubble parameter H decreases during inflation, the mode functionsφ k do not coincide with the exact solution for φ k which is constant far outside the Hubble radius (k ≪ aH) and equal to H(t k )/ √ 2k 3 there (t k is the moment of the first Hubble radius crossing when k = aH). Really, it follows from Eqs. (6.3) and (6.19a) of the paper [20] 
and |Ḣ| ≪ H 2 (the slow roll regime). Since H(t) < H(t k ) for t > t k , this means that creation of massless minimally coupled particles during slow-roll inflation does occur even with respect to this basis. By the end of inflation and subsequent heating of matter, we return to standard formulas for the particle number and the energy density power spectrum presented in [1] (for the case of gravitons). Thus, in contrast to the field amplitude basis, the second order adiabatic basis is also not stable with respect to time evolution in the super-Hubble regime even during an inflationary stage with slow roll.
We would finally like to address the general criticism of [39] where it is claimed that in the discussion of emerging classical behaviour for the fluctuations a transition from a symmetric quantum state to a non-symmetric classical state is implicitly assumed without justification. The authors of [39] therefore claim that in addition new physics (an explicit wave function collapse) is needed. This is, however, a general issue in quantum theory and plays a role, for example, in spontaneous symmetry breaking, see [40] , Sec. 6.1: The initial symmetric state develops into a symmetric superposition of all 'false vacua'. The standard false vacuum is obtained by selecting one component out of this superposition that can be justified using any interpretation of quantum mechanics, for example the Everett or Copenhagen one, without changing of quantitative predictions of quantum mechanics referring to this component. The same happens here: The initial symmetric vacuum state evolves into a symmetric superposition of inhomogeneous states out of which one component is 'selected' [40] . Thus, cosmological perturbations are not specific in this sense and neither solve, nor complicate the fundamental problem of the foundations of quantum mechanics.
Decoherence time and pointer states
Decoherence is the irreversible emergence of classical properties for a quantum system through its unavoidable interaction with the 'environment', that is, with irrelevant degrees of freedom [5] . Ideally, one would solve the Schrö-dinger equation for system plus environment and then trace out the environmental degrees of freedom to obtain the reduced density matrix for the system. This density matrix obeys a master equation which provides a nonunitary and irreversible time evolution. Instead of performing this procedure explicitly, one can directly make a general ansatz for the master equation that can cope with all interesting situations. A convenient form for this equation is the 'Lindblad form', cf. Sect. 3.3.2.2 in [5] or Eq. (7) in [41] . The corresponding master equation is Markovian (local in time) and preserves the properties of a density matrix (such as conservation of its trace). Such an equation results from a wide range of realistic interactions; the details of these interactions are encoded in the Lindblad operators. The simplest form is a pure localization term in addition to the system Hamiltonian; such a term leads to the Gaussian suppression of interferences described by (8) .
In [42] , a master equation for the reduced density operatorρ was studied for a free particle plus such a localization term. It reads
Here, D contains the strength of the interaction with the environment and describes the strength of localization. The term in (17) containing D can arise from a high-temperature environment, as it was discussed for example in [32] , but it does not have to. It actually follows from a much wider class of situations [28] . Even if the environment is thermal, the temperature does not need to be high; in a well-known example calculated in [28] a small dust particle in intergalactic space is localized (decohered) by the ubiquitous microwave background radiation, a process described by an equation of the form (17) . This master equation is also obeyed by the density matrix for the primordial fluctuations, which is discussed in [8] .
We shall here consider the situation where a general initial state is present. In such a situation the Wigner function is usually not positive definite (cf. [43] for the realization of such states in the laboratory). The emergence of positivity is usually connected with decoherence, so it can be used alternatively to the density matrix as a measure for classicality. It was found in [42] that the Wigner function for the case (17) becomes positive after a certain time t d , independent of the initial state. This, therefore, signals the emergence of classical behaviour. Moreover, it was shown there that the reduced density operatorρ can for t > t d be decomposed in the form,
where |Γ denotes a set of Gaussian states. They play the role of the pointer states, so (18) is not the standard orthogonalization of the density matrix; note that the decomposition (18) is with respect to an overcomplete basis. Localization leads here to the emergence of narrow wave packets in position space (but not to delta functions). The width of these narrow Gaussians was determined by the 'predictability sieve' [35] . Apart from numerical factors of order one, the width is given by the expression δ ≡ ( /mD) 1/4 . If the kinetic term in (17) is neglected compared to the localization term, we have m → ∞ and thus δ → 0 -the width of the Gaussian pointer states becomes very small, but they remain of course normalizable. For a small kinetic term the pointer states are thus approximate position eigenstates. This is the situation that has its analogue in the long-wavelength modes in cosmology. The limit m → ∞ is analogous to the limit r → ∞. This can be seen from the correlation p ≈ (tan ϕ)y ≈ e −r y, which holds for exponential inflation and expresses the smallness of the kinetic (p 2 -containing) term. We shall address below the question of positivity for the Wigner function and the ensuing decoherence time in the cosmological case. While for the special initial state (3) the Wigner function is always positive, the question of positivity is non-trivial for all other initial states, such as the ones in [21] (coherent states, states with an arbitrary number N of particles).
The results of [42] were generalized in [41] to a system Hamiltonian of arbitrary quadratic form and to a general Lindblad equation. It was shown in particular that the Wigner function has always (apart from the case of Gaussian states) negative parts for t < t d . The emergence of positivity at time t d (and not earlier) is thus independent of the initial state. It was generalized to non-Markovian situations in [44] . It can thus be assumed that in a generic situation of a particle coupled to an environment, the state of the system can after a finite time not be distinguished from an exact mixture of particular Gaussian states which have a narrow width in case of strong interaction. We expect that in cosmology all realistic interactions are encompassed by the formalism presented here.
We shall restrict ourselves in the following to the case of one Lindblad operatorL. The generalization to several Lindblad operators is straightforward [5] . Such a generalization is needed if one wants to accommodate non-linear effects by the primordial modes themselves, that is, to express the influence of 'environmental' k-modes on 'system' k-modes. Such a master equation was used in [18, 19] , whereby the 'system modes' were chosen to be the longwavelength (observable) modes and the 'environmental modes' were chosen to be the short-wavelength (unobservable) modes with wavelengths smaller or of the order of the Hubble radius.
The master equation then reads [5] 
We further assume as in [41] that the Lindblad operator is linear in our variables p and y. The general system Hamiltonian discussed in [41] is of the formĤ = H 11 p 2 + 2H 12 py + H 22 y 2 .
To conform with the conventions used there, we will from now on work with a slightly different set of canonical variables, defined by the substitutions p → √ k p and y → y/ √ k in (1), so that the Hamiltonian readŝ
In our case we thus have H 11 = H 22 = k/2, and H 12 = a ′ /2a ≡ H/2, where H ≡ aH denotes the conformal Hubble parameter. In the analysis of [41] , the determinant of the quadratic form defined by (20) plays a crucial role. (We note that this analysis relies on a Hamiltonian that does not explicitly depend on time. Strictly speaking, therefore, our treatment is only valid for times that are reasonably short compared to the characteristic timescale given by H.) More precisely, the sign of this determinant decides about the qualitative features of the decoherence time. In our case, this determinant is positive for k > aH ≡ H ('elliptic case') and negative for k < aH ('hyperbolic case'), that is, the change of sign just happens when the modes cross the Hubble radius. For modes outside the Hubble radius, the hyperbolic case is of relevance. This turns out to be of crucial importance. The 'inverted oscillator' is the paradigmatic example for the hyperbolic case [33] .
Further following the notation used in [41] , we write the Lindblad operator in the form
where the real components of the 'vectors'
contain all information on the interaction of the system with its environment. We also introduce the 'dissipation coefficient'
Note that σ is real for k ≤ H (outside the Hubble radius) and imaginary for k > H (inside the Hubble radius). The parameter α is non-vanishing if there is an energy exchange between system and environment. The real part of σ is called 'Lyapunov exponent' in [41] , which is in accordance with our discussion of the entropy in [8] . It is nonvanishing only in the hyperbolic case. The quantum-mechanical example (17) is recovered from (19) in the special case of λ ′ = λ ′′ = 0, and one can then identify D = µ ′2 + µ ′′2 . This leads in particular to vanishing friction,
A quantitative result of [41] , following [42] , is that the positivity time, η p , for the Wigner function is the solution of
with a certain (time-dependent) matrix M that appears in the solution for the Wigner function and that depends on the Lindblad operators. For the case of primordial fluctuations we obtain
where the A ij denote the components of a (complex, symmetric) matrix A that depends on the components of the Lindblad operator as well as on the system parameters H and k. For the reader's convenience we give here the explicit expressions of the matrix elements,
is real and positive for a general non-vanishing Lindblad operator, A 11 A 22 = A 12 A 21 + (2αkσ) 2 is real, but one cannot determine its sign easily for modes inside the horizon, where σ 2 < 0. Let us first treat a mode k of the cosmological perturbations outside the Hubble radius (σ 2 > 0), that is, before the second Hubble-radius crossing. Since the coupling to the environment can only lead to entanglement and not to disturbance in that situation, we take the dissipation coefficient α > 0 to be very small, that is, α ≪ |σ|. We note that for such modes,
−→ H .
Since we have for inflation,
we get ση ≈ 2Hη e − 1 → 1 at the end of inflation. Then, the condition (24) gives, using α ≪ σ,
where in the last step we have assumed that the term with kH dominates. This then gives |η p | ∼ |λ ′ µ ′ | −1 and, consequently, for the corresponding positivity time:
At this moment, the entropy reaches the value
Note that the quantity t L ≡ a 0 /|λ ′ µ ′ | is invariant under arbitrary rescaling of spatial coordinates and has the dimension of time.
The most striking feature in this result is its approximate independence of the coupling parameters (they enter t p only logarithmically). In (8) the influence of the environment was modelled by the parameter ξ, effectively describing localization in the field-amplitude basis as one special case of interaction. So, the result just derived supports the earlier claim in [8] that the details of the coupling of primordial fluctuations to the environment are not important. The independence of the details on the coupling is a general feature of systems characterized by a 'Lyapunov exponent', independent of whether the system is chaotic or (as is the case here) just classically unstable [29] . The positivity time (27) is of the same order as the decoherence time discussed in [6, 7, 8] . Both times are generally related [42] . In this limit the density matrix can thus be decomposed into Gaussian pointer states according to (18) . For strong coupling to the environment which leads to decoherence, these pointer states are narrow Gaussians with respect to the field amplitude. We note that concrete models in which a specific interaction in the action is chosen lead to results in accordance with our general expressions for decoherence time and entropy [15, 45] .
We also want to comment on the situation far outside the Hubble radius, but in a radiation dominated universe. There the scale factor obeys
and thus one has again ση ≈ 1. Repeating the above calculations now yields for the decoherence time,
For H I t L ≫ 1, where here t L = a e /|λ ′ µ ′ |, this is a much longer time than the positivity time during inflation, which means that decoherence is here much less efficient than during inflation, in accordance with our earlier result [8] .
The physical explanation of these results is the following. As was emphasized in [3] , omission of the decaying mode is sufficient to get quantum decoherence. However, this mode should be really small to justify this procedure. In the super-Hubble limit, the only process making the decaying mode small is the expansion of the Universe; interaction with the environment destroys the initial correlation between decaying and growing modes but typically makes the amplitude of the decaying mode larger (that is reflected in the growth of the entropy S). During inflation, the expansion of the Universe is much faster (quasi-exponential) than during the radiation period (28) . Thus, the decaying mode decreases much faster during inflation, which explains the difference between (27) and (29) . Also, due to the exponential decrease of the decaying mode amplitude, coupling parameters describing real physical decoherence enter only logarithmically in t p . Note, however, that the fact that Ht p in the second case is larger does not mean that the amount of entropy gained during decoherence is less in that case, too. This requires special investigation.
It is also important that Ht p 1 in both cases. This means, in particular, that after the time period ∆t ∼ t p after the first Hubble radius crossing, the characteristic rms amplitude of the decaying mode of y is much less than the rms value of y in the initial vacuum state. This holds because the ratio of decaying to constant ('growing') mode is exp(−3H(t−t k )), and thus this ratio becomes small even for a only logarithmically large exponent. Therefore, the Wigner ellipse remains squeezed in one direction below its vacuum width even after the decoherence. This is another form of the result of Sec. 2 that S < S max /2.
Let us now examine the situation inside the horizon. The great generality of (19) makes it hard to read off the qualitative features of the positivity time. (See, however, the argument in [41] that one only has to analyze one special example of the elliptic system in order to obtain its general qualitative behaviour.) We want to consider a representative (and realistic) environment that is also used in [41] : a thermal bath of photons with average occupation number n. This calls for two Lindblad operators defined as
The non-unitary part of (19) , which is given by the dissipation coefficient α > 0, and the matrix A then become a sum over the different Lindblad operators. We then get
The determinant (25) can now be written as
with |σ| 2 = k 2 − H 2 . Again assuming the coupling to be small, α ≪ |σ|, the prefactor of the second term becomes much smaller than unity. If we exclude the unrealistic case that e 4αη − 2e 2αη cos 2|σ|η + 1 ≫ (e 2αη − 1) 2 , the second term can safely be neglected to give
This yields a positivity time
where the last approximation is valid for modes long after the second Hubble radius crossing when |σ| ≈ k. (It can easily be checked that the above line of thought as well as the result follow from |σ| ≈ k alone.) Using Friedmann time, the positivity time (34) reads
16t e α 2 ln
The positivity time is independent of the Hubble parameter H, but strongly depends on the (small) coupling α, in sharp contrast to the situation outside the Hubble radius. This is completely natural from the physical point of view since, inside the Hubble radius, there is no division of modes into growing and decaying ones: both linear independent solutions of the wave equation corresponding to the Hamiltonian (1) oscillate with amplitudes adiabatically decreasing with the expansion of the Universe; no more squeezing occurs. Thus, in this regime, the Universe expansion may not help us in getting decoherence, only real dissipative processes work in this direction. It is interesting to note that the limit n → 0 does not lead to t p /t e → ∞, but rather to t p /t e → (ln 2 2)a 2 e /16t e α 2 . This does not seem to be an artifact of the approximations: it is due to the vacuum energy of the photon bath, and may vanish after proper renormalization.
Other concrete models of interaction may use an interaction of the form V = h ik φ ,i φ ,k where h ik is a metric perturbation and plays the role of the system, while φ is an effective ('phonon') field describing small-scale perturbations of the thermal background and plays the role of the environment. Clearly, such an interaction results from the kinetic term of this field.
Conclusions and discussion
Using methods from the quantum theory of open systems, we have shown that primordial fluctuations decohere when their wavelength becomes much larger than the Hubble radius and that then the pointer basis is given by narrow Gaussians which approximate the field amplitude basis. Consequently, the entropy per mode is smaller than half the maximal entropy. Thus, the density matrix remains squeezed in one direction as compared to the pure vacuum state. However, this does not preclude the positivity of the Wigner function. If a particular interaction between the modes and other fields is given, one can calculate the Lindblad operators and all physical quantities in terms of this interaction and find the positivity time t p after which the Wigner function becomes positive everywhere and, therefore, may be approximated by a classical distribution in the phase space. In the super-Hubble regime, t p explicitly depends on the Hubble time H −1 and is during inflation only logarithmically larger than it. On the other hand, in the sub-Hubble regime after the second Hubble radius crossing, t p is independent of H and is totally determined by dissipation processes. As for the width, this leads to an expression analogous to (but more complicated than) the width ( /mD) 1/4 for the localization of a particle.
This crucial difference between decoherence mechanisms in the sub-and super-Hubble regimes removes, we suppose, doubts regarding the possibility of (partial) decoherence during inflation expressed in the recent paper [19] .
The answer to the question in this paper why we do not see similar decoherence in the Minkowski space-time is, first, because there is no super-Hubble regime in this case. Second, it was assumed in [19] that the 'environmental' (short-wavelength) modes are in their adiabatic ground state. Fields in their ground state are usually not able to exert a decohering influence [5] . So, the analysis presented here assumes that some fields are present which are not in their ground state. The concrete examples of such fields are cosmological perturbations themselves, scalar perturbations and gravitational waves, with scales of the order of the Hubble radius (the case not considered in [19] ). But even if this was not true, the analysis in [3] has shown that it is practically impossible to distinguish the squeezed state of the modes from a classical stochastic ensemble, cf. also the gedanken experiments discussed in [7, 24] .
At last, it should be emphasized that we do not consider decoherence of generic long-wavelength modes but specifically only the decoherence of very strongly squeezed states. Then an exceedingly small interaction is already sufficient for a loss of quantum coherence, which has S 1. This fact, namely that, even in the Minkowski space-time, strongly squeezed states are much more fragile than, for example, coherent states, is well known in standard quantum mechanics and represents the main obstacle to generate strongly squeezed states in the laboratory, see for example Sect. 3.3.3.1 in [5] .
Still it should be noted that there is an agreement between our paper and [19] regarding the pointer basis in the super-Hubble regime. On the other hand, we would not fully support the statement of [18] that decoherence is "extremely effective" during inflation. What follows from our results is that decoherence, though quick and sufficient to reach the positivity of the Wigner function, is not sufficiently effective, for example, to make the Wigner ellipse exceeding its vacuum value in all directions (the latter would correspond to S > S max /2). 4 Thus, our results regarding the degree of decoherence reached during inflation are, in some sense, intermediate between those of [18] and [19] . This discussion shows how subtle is the problem of decoherence and quantum-to-classical transition for cosmological perturbations.
